A new family of surfaces with p g = q = 2 and K 2 = 6 whose Albanese map has degree 4
The family M Φ provides an irreducible component of the moduli space M can 2, 2, 6 of canonical models of minimal surfaces of general type with p g = q = 2 and K 2 = 6. Such a component is generically smooth and contains the 2-dimensional family of product-quotient surfaces constructed by the first author in [Pe11] .
The Main Theorem is obtained by extending the construction given in [CH06] to the much more complicated case of quadruple covers. More precisely, in order to build a quadruple cover α : S −→ A with Tschirnhausen bundle E ∨ , we first build a quadruple cover α : S −→ A with Tschirnhausen bundle φ * L −1 E ∨ (here φ L : A −→ A denotes the group homomorphism sending x ∈ A to t * x L −1 ⊗ L ∈ A) and then, by using the Schrödinger representation of the finite Heisenberg group H 3 on H 0 (A, L ), we identify those covers of this type that descend to a quadruple coverα : S −→ A. For the general surface S, the branch divisor B ⊂ A of α : S −→ A is a curve in the linear system | L ⊗2 |, where L is a polarization of type (1, 3) on A, with six ordinary cusps and no other singularities; such a curve is H 3 -equivariant and can be associated with the dual of a member of the Hesse pencil of plane cubics in P 2 .
Let us explain now the way in which this paper is organized.
In Section 1 we set up notation and terminology and we present some preliminaries. In particular we recall the theory of quadruple covers developed by and and we briefly describe the geometry of the Hesse pencil.
Sections 2, 3, 4 are devoted to the proof of the Main Theorem.
In Section 2 we present our construction, we prove that a general surface S in our family is smooth and we compute its invariants (Propositions 2.6 and 2.7).
In Section 3 we examine the subset of the moduli space corresponding to our surfaces, showing that it is generically smooth, of dimension 4 and that it closure M Φ provides an irreducible component of M can 2, 2, 6 (Proposition 3.4). We also observe that the general surface in M Φ admits no pencil over a curve of strictly positive genus (Proposition 3.5).
In Section 4 we prove that the moduli space M can 2, 2, 6 contains a 3-dimensional singular locus (Corollary 5.3) . Moreover, we show that the irreducible component M Φ contains the 2-dimensional family of product-quotient examples constructed by the first author in [Pe11] (Proposition 5.4).
Finally, in Section 6 we present some open problems. The paper also contains two appendices. In the Appendix 1 we show the following technical result needed in the proof of the Main Theorem: for a general choice of the pair (A, L ), the three distinguished divisors coming from the Schrödinger representation of the Heisenberg group H 3 on H 0 (A, L ) are smooth and intersect transversally. Appendix 2 contains the computer algebra script we used to compute the equation of the branch curve B of α : S −→ A; it is written in the Computer Algebra System MAGMA, see [Magma] .
If A is an abelian variety, we call A := Pic 0 (A) its dual abelian variety. If L is a line bundle on A we denote by φ L the morphism φ L :
Throughout the paper we use italic letters for line bundles and capital letters for the corresponding Cartier divisors, so we write for instance L = O S (L). The corresponding complete linear system is denoted either by |L | or by |L|.
If L is an ample divisor on A, then it defines a positive line bundle L = O A (L), whose first Chern class is a polarization on A. By abuse of notation we consider both the line bundle L and the divisor L as polarizations.
By surface we mean a projective, non-singular surface S, and for such a surface ω S = O S (K S ) denotes the canonical class, p g (S) = h 0 (S, ω S ) is the geometric genus, q(S) = h 1 (S, ω S ) is the irregularity and χ(O S ) = 1 − q(S) + p g (S) is the Euler-Poincaré characteristic.
provides the bridge between Theorem 1.1 and Theorem 1.2. In fact a straightforward computation shows that it sends the element ϕ ∈ Hom(F ,
When X and Y are smooth surfaces one has the following useful formulae.
Proposition 1.3. [CE96, Proposition 5.3 ] Let X and Y be smooth, connected, projective surfaces, f : X −→ Y a cover of degree 4 and R ⊂ X the ramification divisor of f . Then:
Fourier-Mukai transforms of (W)IT-sheaves
Let A be an abelian variety of dimension g and A := Pic 0 (A) its dual abelian variety. We say that a coherent sheaf F on A is
• a IT-sheaf of index i (or, equivalently, that F satisfies IT of index i ) if
• a WIT-sheaf of index i (or, equivalently, that F satisfies WIT of index i ) if
where P is the normalized Poincaré bundle on A × A.
If F is a WIT-sheaf of index i, the coherent sheaf
is called the Fourier-Mukai transform of F . For simplicity of notation, given any WIT-sheaf G of index i on A we use the same symbol Φ P for its Fourier-Mukai transform
By the Base Change Theorem (see [Mum70, Chapter II] ) it follows that F satisfies IT of index i if and only it satisfies WIT of index i and Φ P (F ) is locally free. In particular, any non-degenerate line bundle L of index i on A is a IT-sheaf of index i and its Fourier-Mukai transform Φ P (L ) is a vector bundle of rank h i (A, L ) on A.
Remark 1.5. In general the Fourier-Mukai transform induces an equivalence of categories between the two derived categories D(A) and D( A), such that for all F ∈ D(A) and G ∈ D( A) one has
where [−g] means "shift the complex g places to the right". When F is a W IT -sheaf then the complex Φ P (F ) can be identified with a vector bundle, since it is different from zero at most at one place. Corollary 1.6. Let F be a WIT-sheaf on A. Then
1.3 The Hesse pencil and the family of its dual curves
In the sequel we will use some classical facts about the Hesse pencil of cubic curves, that are summarized here for the reader's convenience. We follow the treatment given in [AD09] . The Hesse pencil is the one-dimensional linear system of plane cubic curves defined by
Its nine base points are the inflection points of any smooth curve in the pencil. There are four singular members in the Hesse pencil and each one is the union of three lines:
We call the singular members the triangles.
The dual curve B m 0 , 3m 1 of a smooth member E m 0 ,3m 1 of the Hesse pencil is a plane curve of degree six with nine cusps, whose equation in the dual plane (P 2 ) ∨ is
Notice that the dual of a triangle becomes a triangle taken with multeplicity two. For any pair (m 0 , m 1 ) there is a unique cubic C m 0 , 3m 1 passing through the nine cusps of B m 0 , 3m 1 . The general element of the pencil generated by B m 0 , 3m 1 and 2C m 0 , 3m 1 is an irreducible curve of degree six with nine nodes at the nine cusps of B m 0 , 3m 1 . Such a pencil is called the Halphen pencil associated with B m 0 , 3m 1 , see [H1882] .
The construction
The aim of this section and the next one is to prove the main result of the paper, namely the following Theorem 2.1. There exists a 4-dimensional family M Φ of minimal surfaces of general type with p g = q = 2 and K 2 = 6 such that, for the general element S ∈ M Φ , the canonical class K S is ample and the Albanese mapα : S −→ A is a finite cover of degree 4. The Tschirnhausen bundle E ∨ associated withα is isomorphic to Φ P (L −1 ), where L is a polarization of type (1, 3) on A.
The family M Φ provides an irreducible component of the moduli space M can 2, 2, 6 of canonical models of minimal surfaces of general type with p g = q = 2 and K 2 = 6. Such a component is generically smooth.
We first outline the main idea of our construction, which is inspired by the one used in [CH06] in the simpler case where the Albanese map has degree 3. In order to build a quadruple coverα : S −→ A with Tschirnhausen bundle E ∨ , we first build a quadruple cover α : S −→ A with Tschirnhausen bundle φ * L −1 E ∨ and then we identify those covers of this type that descend to a quadruple coverα : S −→ A (Propositions 2.3 and 2.4). Furthermore we prove that for a general such a cover the surface S is smooth and we compute its invariants (Propositions 2.6 and 2.7). Finally, in Section 3 we examine the subset M Φ of the moduli space corresponding to our surfaces.
We start by considering a (1,
so by Serre duality the line bundle L −1 satisfies IT of index 2. Its Fourier-Mukai transform
) is a rank 3 vector bundle on A which satisfies WIT of index 0, see Proposition
Since
is locally free, it follows that E ∨ is actually a IT-sheaf of index 0. By (5) we have
where L is a polarization of type (1, 3) on A. Therefore Hirzebruch-Riemann-Roch yields χ( A, E ∨ ) = 1, which in turn implies
Now we want to construct a quadruple cover α : S −→ A with Tschirnhausen bundle E ∨ . By [HM99] it suffices to find those totally decomposable elements in
that are K(L −1 )-invariant and therefore descend to elements in H 0 A, 2 S 2 E ∨ ⊗ 3 E . This will be done in Propositions 2.3 and 2.4 below. Let us consider the Heisenberg group
By [BL04, Chapter 6] there exists a canonical representation, known as the Schrödinger representation, of H 3 on H 0 (A, L ), where the latter space is identified with the vector space V := C(Z/3Z) of all complex-valued functions on the finite group Z/3Z. Such an action is given by
Let {X, Y, Z} be the basis of H 0 (A, L ) corresponding to the characteristic functions of 0, 1, 2 in V .
Proposition 2.2. For a general choice of the pair (A, L ), the three effective divisors defined by X, Y , Z ∈ H 0 (A, L ) are smooth and intersect transversally.
Proof. See Appendix 1, in particular Proposition 6.3.
Proof. With respect to the basis {X, Y, Z}, the Schrödinger representation can be written as
where ω := e 2πi/3 . There is an induced representation of H 3 on the 45-dimensional vector space 2 S 2 V ∨ ⊗ 3 V ⊗ V , and a long but straightforward computation shows that this gives
dimension 5 and is generated by
Therefore any K(L −1 )-invariant vector can be written as av 1 + bv 2 + cv 3 + dv 4 + ev 5 for some a, b, c, d, e ∈ C. Now the claim follows by choosing for 2 S 2 V ∨ the basis
is totally decomposible if and only if
In other words, the totally decomposable sections (up to a multiplicative constant) are in oneto-one correspondence with the points of the smooth conic of equations
in the projective space P 4 with homogeneous coordinates [a :
Proof. Proposition 2.3 allows one to identify the building data c ij in [HM99, p. 7] as follows:
By [HM99, Theorem 3 .1] the corresponding section η ∈ φ * H 0 A, 
where ψ is anétale (Z/3Z) 2 -cover.
We denote by B and R the branch divisor and the ramification divisor of α : S −→ A and by B and R those ofα : S −→ A.
Following [HM99] , over an affine open subset U ⊂ A we can describe the quadruple cover b 1 = −a 1 a 5 + a 2 a 4 − a 2 a 11 − a 3 a 14 + a 2 5 + a 6 a 8 , b 2 = a 2 a 10 + a 3 a 13 − a 4 a 5 − a 6 a 7 , b 3 = a 2 a 13 + a 3 a 16 − a 4 a 8 − a 7 a 9 , b 4 = −a 1 a 10 + a 2 4 − a 4 a 11 + a 5 a 10 + a 6 a 13 − a 7 a 12 , b 5 = −a 5 a 13 + a 8 a 10 + a 12 a 17 − a 14 a 15 , b 6 = −a 1 a 16 − a 4 a 17 + a 2 7 − a 7 a 18 + a 8 a 13 + a 9 a 16 , where the c ij are given in (10).
Using the MAGMA script in the Appendix 2 we can check that the branch locus B of α : S −→ A is the element in |6L| of equation 
We can also see (14) Remark 2.5. The H 3 -equivariant sextic B also appears, for some special choices of the pair (A, L ), as a component of the branch locus of the 6-fold cover ϕ |L | :
The group K(L −1 ) acts on B and this induces an action on B. The quotient of B by this action is a curve B ∈ |2 L|, where L is the polarization of type (1, 3) on A appearing in (7); the curve B is precisely the branch locus of the quadruple coverα : S −→ A. 
If [a : c] /
∈ T 1 ∪ T 2 then B has nine ordinary cusps as only singularities; since X, Y, Z ∈ H 0 (A, L ) and L 2 = 6, by Proposition 2.2 it follows that, for a general choice of the pair (A, L ), the curve B has 54 ordinary cusps as only singularities. In this case by a MAGMA calculation (see again the script in Appendix 2) shows that S is smooth; since ψ : S −→ S isétale, the surface S is also smooth. Moreover, the nine cusps of B belong to a single K(L −1 )-orbit and the stabilizer of each cusp is the identity. Therefore the 54 cusps of B fall in precisely six orbits and consequently B is an irreducible curve with six cusps as only singularities.
If [a : c] ∈ T 1 ∪ T 2 then B = 2B ′ , where B ′ is a triangle. Consequently, B = 2B ′ , where B ′ has 18 ordinary double points as only singularities. In this case the MAGMA script shows that S is smooth if and only if [a : c] / ∈ T 1 ; if instead [a : c] ∈ T 1 then the singular locus of S coincides with the preimage of B. Moreover, the group K(L −1 ) acts on the three sides of the triangle B ′ ; each side has stabilizer isomorphic to Z/3Z and there is only one orbit; consequently, B = 2 B ′ , where B ′ is an irreducible curve with two ordinary double points as only singularities.
In any case, the preimage of a general point in the branch divisor B consist of three distinct point. This shows that the quadruple cover α : S −→ A cannot factor through a double cover, hence it must be the Albanese map of S.
Summing up, we have proven We can now compute the invariants of S.
Proposition 2.7. If [a : c] / ∈ T 1 and A is general, then S is a minimal surface of general type with p g = q = 2 and K 2 = 6. The canonical class K S is ample and the general element of |K S | is smooth and irreducible.
Proof. Using (1) and (8) we obtain p g ( S) = q( S) = 2. By Hurwitz formula we get
If S is general we can check by our MAGMA script that the restrictionα : R −→ B is the normalization map, that is R is a smooth curve of genus 7 (see Proposition 2.6). Thus the genus formula gives 2K
hence K 2 S = 6. Moreover, by Bertini's theorem the general element of |K S | is smooth and irreducible, because R is so. Sinceα : S −→ A is a finite map onto an abelian variety, the surface S contains no rational curves. In particular S is a minimal model and K S is ample.
Remark 2.8. The six cusps of the branch curve B are not in general position: in fact, by the results of Subsection 1.3 it follows that there exists a unique element C ∈ | L| containing them. The general element of the pencil generated by B and 2 C is an irreducible curve in |2 L| with six nodes at the six cusps of B and no further singularities. Hence the cuspidal curve B ∈ |2 L| can be obtained as limit of nodal curves belonging to the same linear system.
In the sequel we denote by A 1, 3 the moduli space of (1, 3)-polarized abelian surfaces. It is a quasi-projective variety of dimension 3, see [BL04, Chapter 8] . The following result will be used in the next section.
Proposition 2.9. For a general choice of A ∈ A 1,3 and [a : c] ∈ P 1 the curve R is not hyperelliptic. In particular, for any line bundle N on R with deg(N ) = 6 we have h 0 ( R, N ) ≤ 3.
Proof. This follows from a rigidity result of hyperelliptic curves on general abelian varieties, see [Pi89] . More precisely, one can show that the only hyperelliptic deformations of a (possibly singular) hyperelliptic curve on a fixed simple abelian variety are just the translations. This implies that a linear system on a general abelian surface contains at most a finite number of hyperelliptic curves. In our situation, we have an equisingular, 1-dimensional family { B} of cuspidal curves in the linear system |2 L|, parametrized by the points [a : c] ∈ P 1 . Then, if A is simple, the general curve B is non-hyperelliptic, that is its normalization R is non-hyperelliptic.
If N is any line bundle on R with deg(N ) = 6, Riemann-Roch yields h 0 ( R, N ) − h 1 ( R, N ) = 0; in particular, if N is non-special we obtain h 0 ( R, N ) = 0. If instead N is special, since R is non-hyperelliptic Clifford's theorem implies
3 The moduli space Definition 3.1. We denote by M 0 Φ the family of canonical models X of minimal surfaces of general type with p g = q = 2, K 2 = 6 such that:
(1) the Albanese mapα : X −→ A is a finite, quadruple cover;
(2) the Tschirnhausen bundle E ∨ associated withα : X −→ A is of the form
where L is a polarization of type (1, 3) on A.
Notice that M 0 Φ coincides with the family of canonical models of surfaces S constructed in Section 2, and that such a family depends on four parameters (three parameters from A ∈ A 1, 3 and one parameter from [a : c] ∈ P 1 ). More precisely, there is a generically finite, dominant map P 0 −→ M 0 Φ , where P 0 is a Zariski-dense subset of a P 1 -bundle over A 1, 3 . Then M 0 Φ is irreducible and dim M 0 Φ = 4.
Proposition 3.2. If S ∈ M 0 Φ then the Tschirnhausen bundle E ∨ is stable with respect to the polarization L. In particular it is simple, that is
Proof. By definition of E ∨ and since the Fourier-Mukai transform gives an equivalence of derived categories we have
that is E ∨ is simple. Then, by (5) and [BL04, Exercise 2 page 476], it follows that E ∨ is semi-homogeneous. Finally, any simple, semi-homogeneous vector bundle on an abelian variety is stable with respect to any polarization, see [BL04, Exercise 1 page 476].
Definition 3.3. We denote by M Φ the closure of M 0 Φ in the moduli space M can 2, 6, 6 of canonical models of minimal surfaces of general type with p g = q = 2, K 2 = 6.
By the previous considerations, M Φ is irreducible and dim M Φ = 4. Now we want to prove that M Φ provides an irreducible component of the moduli space M can 2, 2, 6 and that such a component is generically smooth. In order to do this, we must prove that for the general surface
By [Se06, p. 262] we have an exact sequence
where Nα is a coherent sheaf supported on R and called the normal sheaf ofα; we denote by ϕ =α| R : R −→ B ⊂ A the normalization map of B. Let ∆ ⊂ R be the divisor formed by all points p such that ϕ(p) is a cusp of B, each counted with multiplicity 1, and let i : R −→ S be the inclusion of R in S; thenα • i = ϕ. By [CF11, Section 7] there are two commutative diagrams
and 0
where N ′ ϕ is a line bundle on R satisfying
The fact that Nα is supported on R, together with (16) and (17), imply that
so for a general choice of the abelian variety A ∈ A 1,3 and of the point [a : c] ∈ P 1 one has
see Proposition 2.9. Now we can prove the desired result.
Proposition 3.4. If S is a general element of M Φ then h 1 ( S, T S ) = 4. Hence M Φ provides an irreducible component of the moduli space M can 2, 2, 6 of canonical models of minimal surfaces with p g = q = 2 and K 2 = 6. Such a component is generically smooth, of dimension 4.
Proof. Since dim M Φ = 4, it is sufficient to show that for a general choice of S one has
The surface S is of general type, so we have H 0 ( S, T S ) = 0 and (15) yields the following exact sequence in cohomology
The same argument used in [PP13b, Section 3] shows that the image of ε : H 0 ( S, T S ) −→ H 1 ( S,α * T A ) has dimension 3 (this is essentially a consequence of the fact that when one deforms S the Albanese torus A remains algebraic). Then (19) follows from (18) and (20).
Proposition 3.5. The general element S of M Φ admits no pencil p : S −→ T over a curve T with g(T ) ≥ 1.
Proof. Assume that A a simple abelian surface. In this case the set
cannot contain any component of positive dimension, so S does not admit any pencil over a curve T with g(T ) ≥ 2, see [HP02, Theorem 2.6] . If instead g(T ) = 1, the universal property of the Albanese map yields a surjective morphism A −→ T , contradicting the fact that A is simple.
Quadruple covers with simple Tschirnhausen bundle
Proposition 4.1. Let ( A, L ) be a (1, 3)-polarized abelian surface and E ∨ be a simple rank 3 vector bundle on A with
Then there exists a polarization L of type (1, 3) on A such that
Proof. Since E ∨ is simple and 2c 2 1 (E ∨ )−6c 2 (E ∨ ) = 0, by [O71, Corollary p. 249] and [BL04, Ex. 2 p. 476] there exist an abelian surface Z, a line bundle G on Z and an isogeny g : Z −→ A such that g * E ∨ = G ⊕3 . Hence we obtain
that is G is ample. For any Q ∈ Pic 0 ( A) we have g * Q ∈ Pic 0 (Z) and g * (E ∨ ⊗Q) = (G ⊗g * Q) ⊕3 , so the ampleness of G implies
for all Q ∈ Pic 0 ( A). Since g is a finite map, we get
that is E ∨ satisfies IT of index 0. Since rank(E ∨ ) = 3 and h 0 ( A, E ∨ ) = 1, the Fourier-Mukai transform Φ P (E ∨ ) is a line bundle of type (1, 3) on A that we denote by M −1 . Therefore we have
The following corollary can be seen as a converse of Proposition 3.2. 
Then (13) implies that the local equations of the surface S are
and this shows that the Albanese map α : S −→ A is a bidouble cover, i.e. a Galois cover with Galois group (Z/2Z) 2 . Conversely, relations (21) are precisely the conditions ensuring that α : S −→ A is a bidouble cover, see [HM99, .
We use the theory of bidouble covers developed in [Ca84] . The cover α : S −→ A is branched over the three divisors D X , D Y , D Z ∈ |L| corresponding to the distinguished sections X, Y , Z ∈ H 0 (A, L ); for simplicity of notation we write
respectively. Then the building data of α :
and
3 . On the other hand, by (5) we obtain
By [Ca84, p. 497] there is an exact sequence
whose meaning is the following: the image of ∂ are the first-order deformations coming from the so called "natural deformations" (see [Ca84, Definition 2.8 p. 494] ) and such first order deformations are trivial if they arise from automorphism of A. Moreover, if one considers the map
obtained as the composition of the direct sum of the restriction maps with ∂, then for any
is the KodairaSpencer class of the corresponding natural deformation of S. More explicitly, taking
the local equations of the associated natural deformation of the bidouble cover (22) are
(25) By using the restriction exact sequence
where
There is an action of (Z/3Z) 2 = r, s | r 3 = s 3 = [r, s] = 1 on S given by r(u, v, w, X, Y, Z) := (u, ωv, ω 2 w, X, ω 2 Y, ωZ),
and the corresponding quotient map is precisely ψ : S −→ S; notice that the Albanese map
A 2-dimensional family of product-quotient surfaces
In [Pe11, Theorem 4.15 ] the first author constructed a 2-dimensional family of product-quotient surfaces (having precisely two ordinary double points as singularities) with p g = q = 2, K 2 = 6 and whose Albanese map is a generically finite quadruple cover. We will now recall the construction and show that this family is actually contained in M Φ . Let us denote by A 4 the alternating group on four symbols and by V 4 its Klein subgroup, namely V 4 = id, (12)(34), (13)(24), (14)(23) ∼ = (Z/2Z) 2 .
V 4 is normal in A 4 and the quotient H := A 4 /V 4 is a cyclic group of order 3. By using Riemann's existence theorem it is possible to construct two smooth curves C 1 , C 2 of genus 4 endowed with an action of A 4 such that the only non-trivial stabilizers are the elements of V 4 . Then
• E ′ i := C i /A 4 is an elliptic curve;
• the A 4 -cover f i : C i −→ E ′ i is branched at exactly one point of E ′ i , with branching order 2.
It follows that the product-quotient surface
where A 4 acts diagonally, has two rational double points of type 1 2 (1, 1) and no other singularities. It is straightforward to check that the desingularization S of X is a minimal surface of general type with p g = q = 2, K 2 S = 6 and that X is the canonical model of S. The A 4 -cover f i : C i −→ E ′ i factors through the bidouble cover g i : C i −→ E i , where E i := C i /V 4 . Note that E i is again an elliptic curve, so there is an isogeny E i −→ E ′ i , which is a triple Galois cover with Galois group H. Consequently, we have an isogeny p : E 1 × E 2 −→ A := (E 1 × E 2 )/H, where the group H acts diagonally, and a commutative diagram
In this way one constructs a two-dimensional family M P Q of product-quotient surfaces X which are canonical models of surfaces of general type with p g = q = 2 and K 2 = 6. The morphism α : X −→ A is the Albanese map of X; it is a finite, non-Galois quadruple cover.
Proposition 5.4. The family M P Q is contained in M Φ .
Proof. We must show that X belongs to M Φ . From the construction it follows that the Tschirnhausen bundle ofα : X −→ A is of the form
where D is a principal polarization of product type on E 1 × E 2 . Since K(D) = 0 one clearly has t * x D = D for all x ∈ Ker(p) \ {0}, so by [O71, Theorem 2, p. 248] the canonical injection O A −→ E ⊗ E ∨ induces isomorphisms
In particular H 0 ( A, E ⊗ E ∨ ) ∼ = C, that is E ∨ is simple. Then the claim follows from Corollary 4.2.
Remark 5.5. The branch locus of the Albanese mapα : X −→ A is a curve B = 2( B 1 + B 2 ), where B 1 and B 2 are the images via p of two elliptic curves belonging to the two natural fibrations of E 1 × E 2 ; then B 1 B 2 = 3. Notice that B is not of the form described in Proposition 2.6; the reason is that the (1, 3)-polarized abelian surface A = (E 1 × E 2 )/H is not general, since it is anétale Z/3Z-quotient of a product of elliptic curves.
Open problems
(1) Is M Φ a connected component of M can 2, 2, 6 ? This is equivalent to ask whether it is open therein; in other words, given a smooth family X −→ ∆ over a small disk such that X 0 ∈ M Φ , is X t ∈ M Φ for t small enough?
Notice that any surface which is deformation equivalent to a surface in M Φ must have Albanese map of degree 4, since the Albanese degree of a surface with q = 2 and maximal Albanese dimension is a topological invariant, see [Ca91] and [Ca11, Section 5] . This leads naturally to the next question:
(2) What are the possible degrees for the Albanese map of a minimal surface with p g = q = 2 and K 2 = 6?
And, more generally:
(3) What are the irreducible/connected components of M can 2, 2, 6 ? and
